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[1] Kipf, T. N., & Welling, M. (2016). Semi-supervised classification with graph convolutional networks. In arXiv 2016.
[2] Zhang, M., & Chen, Y. (2018). Link prediction based on graph neural networks. In NeurIPS 2018.

[3] Zhang, S., Tong, H., Xia, Y., Xiong, L., & Xu, J. (2020, August). Nettrans: Neural cross-network transformation. In KDD 2020.
[4] Errica, F., Podda, M., Bacciu, D., & Micheli, A. (2019). A fair comparison of graph neural networks for graph classification. In arXiv 2019.
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Uncertainty in Model Prediction e

d Examples

," Ny Training points
uncertain | i certain

Regression

d Quantifying the uncertainty is important in high-risk applications
e E. g., medical Hpreg =1.00 (b) healthy Hpred = 0.36 (c) healthy Hpreq = 0.68

(a) diseased

3 3 =

© . (5] 0 Pt ©

e T S, rtain": =

= certain”: s uncerta =

c | = (=
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o © ©
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E [1] Peterson, J. C., Battleday, R. M., Griffiths, T. L., & Russakovsky, O. (2019). Human uncertainty makes classification more robust. In ICCV 2019.

[2] Xiao, Y., & Wang, W. Y. (2019, July). Quantifying uncertainties in natural language processing tasks. In AAAI 2019.




Uncertainty in Graph Learning Z‘m!
d Examples | a

H =
’_\e@ @ (03,07
!

(
GCN @e\-—'\ 2 () (0.45,0.55)
90 uncertain \9 (0.9, 0.1)

Predictive probabilities

Embedding space
d Questions:
Q1: How uncertain is a GCN in its own predictions?
=» Uncertainty quantification (UQ)
Q2: How to improve GCN predictions by leveraging uncertainty?
=> Application of UQ

[1] Kipf, T. N., & Welling, M. (2016). Semi-supervised classification with graph convolutional networks. arXiv preprint arXiv:1609.02907.
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Existing Solutions: Bayesian-based Z‘IDL\CIE

dMotivation: address over-smoothing/fitting

dKey idea:
Qadaptively drop edges
dMonte Carlo estimation for posterior uncertainty [1].

dLimitations: not explicitly quantify the uncertainty on model
prediction (ad-hoc)

[1] Hasanzadeh, A. et al. Bayesian graph neural networks with adaptive connection sampling. In ICML 2020.

E [2] Zhao, X., Chen, F., Hu, S., & Cho, J. H. (2020). Uncertainty aware semi-supervised learning on graph data. In NeurIPS 2020.




Existing Solutions: Z‘IDL\[IE

Deterministic Quantification-based

d Motivation: estimate multi-source uncertainty for GNNs

d Key idea: a graph-based Dirichlet distribution to reduce errors in
quantifying uncertainties [2].

1 Limitations: changing the training procedure, e.g., additional parameters (e.g.,
Dirichlet distribution) or architectures (e.g., teacher network)

[1] Hasanzadeh, A. et al. Bayesian graph neural networks with adaptive connection sampling. In ICML 2020.

E [2] Zhao, X., Chen, F., Hu, S., & Cho, J. H. (2020). Uncertainty aware semi-supervised learning on graph data. In NeurIPS 2020.
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Problem Definition Z]Ill{il}

d Given:

(1) an undirected graph ¢ = {V, A, X};

(2) an L-layer GCN with parameter 0;

(3) a task-specific objective R(G,Y, 0) (Y: ground-truth)
dFind:

An uncertainty score Ug(u) for any node u in graph G w.r.t.
parameters 0 and objective R(G,Y, 0).
(@ o

, Uncertainty
== Brteog == < @ :08 " °

0 o
N~




Preliminaries: Jackknife+ Resampling Z‘IDL\[IE

dKey idea: leaving out an observation = evaluating prediction error (LOO)
dGiven: training data: D = {(x;, y;)|i = 1, ...,n}; a test point (x*,y*); a

trained model fy(); target coverage a;
dConfidence interval: [C~(x*),C™ (x™)]
c T (x") = Ql—a(P-I_)) C™(x*) = Qu(P7)
o« Pr={fo )+ |yi—fo_ xD|li=1,..,n}

P™={fo_ () = |yi = fo_ (xD|li=1,..,n}
LOO prediction Error residual (generalization) N,%_ _____ 1

Larger interval =» less confident

E [1] Barber, Rina Foygel, et al. "Predictive inference with the jackknife+." The Annals of Statistics 49.1 (2021): 486-507.




Jackknife+ Resampling: A Numerical Example e

dRegression task: training set, {(x{,y1), ..., (x5, y5)}, a test point,
(x*,y*) where y* = 10, coverage, a = 0.2

/’6( Pt ={fo_ (x*) + |yi — fo_,(x)||i}

e o Leave-one-out, P~ = {fp_,(x") ilyi — fo_, (x)|1i3

Train re-train f ()
@ L@ == i, . fe_s}/ P+ ={9.9,10.1,10.2,9.9, 10}

s g |om i Repeat | - P~ =1{9.7,9.5,9.4,9.7,9.6)
Testing | | @ L31mes | reghin .
5 5 Applying quantile:
: .
fo(x™) =9.8 = {9.9,9.7,9.6,10.1,10.2) CH(x*) = 10.1, C~(x*) = 9.4

Confidence interval width = 0.7

E [1] Barber, Rina Foygel, et al. "Predictive inference with the jackknife+." The Annals of Statistics 49.1 (2021): 486-507.




Challenges Z‘IDLIIE

dCi1: How to formally define the Jackknife uncertainty for GNNs?
* Non-IID graph data

dC2: How to efficiently compute the node uncertainty?
e Avoid re-training
w.l.o.g, considering a node-level tasks (e.g., node classification)

————————————————————————
\

®* = argming R(G,E%rain,fG) = argming———— D r(v,y,0)

"""" |Virain || T

° . Oty v
Training labels /Training set ‘/Node—specific loss (cross-entropy)
C

———

Yulillog(GCN (v, ©)[i])
1

r(v,y,, 0) = —

l




Jackknife Uncertainty: Definition Z‘I[JL\[IE

[T}
—
-
@
=
—
D
L.
Q.
-
=5

dConfidence interval: Ug(u) = €3 (u) — Cg ()

QCompute C*,C~  Cg-(w) = Qa({“GCN(u @a)” —(eTTl}Vl € V_train})

Ca (1) = Qr— ({]|GEN(u @a
AWhy Jackknife+: stable coverage \

+ err;|Vi € V_train})

Upweighting the loss of node i:

. . 1
O ; = argminger(i,y;, ©) Vi |2 r(v,y,, 0)
rain

Question: How to obtain e
0. ; without re-training?

E [1] Barber, Rina Foygel, et al. "Predictive inference with the jackknife+." The Annals of Statistics 49.1 (2021): 486-507.
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Jackknife Uncertainty: Efficient Computation Z‘[ngn!

dKey idea: efficiently estimate O ; with influence function [1]
dTaylor expansion over parameters *

0L ~ 0" + elo+ (i) (1) where I+ (i) = —% .,
dThe influence function can be further computed as [2],

’-

Io+(0) —(HGEW@T(l yi, 0% ) (2) Hessian matrix w.r.t. model parameters

HG)* — @R(G; Ytrain: CN )

I
=

|Vtrain|
, the leave-one-out parameters, 0,; (Eq. (1))

ﬁ Adjusting the weights by €

- ad

1

By setting € = —

| train|

can be computed efficiently.

[1] Pang Wei Koh and Percy Liang. 2017. Understanding Black-Box Predictions via Influence Functions. In ICML 2017.
E [2] Cook, R. D., & Weisberg, S. (1982). Residuals and influence in regression. New York: Chapman and Hall.




Jackknife Uncertainty: Efficient Computation (Cont.) 4 f

dProposition: First-order derivative of GCN [1] w.r.t. the parameters

in the l-th layer, i.e., W) € VworQyi, 0)

lo:(i) = Hg+ Vor(i,y;, 0")

« Keyidea: apply chain rule on layer parameters.

. ~_7_aT ar(i,Yi; G)
Vwor(,yi, 0) = (AEl 1) ( JEW

/

Hidden representations
ED = ¢(AEL-DWW)

@ O',(KE(l_l)w(l)))

Normalized graph Laplacian

[1] Kang, J. et al. RawlsGCN: Towards Rawlsian Difference Principle on Graph Convolutional Network. In WWW 2022.

E [2] Alaa, A. et al. Discriminative Jackknife: Quantifying Uncertainty in Deep Learning via Higher-Order Influence Functions. In ICML 2020.




Jackknife Uncertainty: Efficient Computation (Cont.) {1

l @ * (i) — H 6*1 VG 'r' (i, yi ) @ g ) TueOREM 1. (The Hessian tensor of GCN) Following the settings

of Proposition 2, denoting the overall loss R(G, Yirain, ©) as R and 0'[’

1 AR (=D wr (D) : L #’R
as o’ (AE W), the Hessian tensor §; ; = WO oW D

dTheorem: Computing the Hessian tensor of GCN e gy s et frns

Case2. i=1-1

: 0°R o me m
(the i-th and [-th layer) 2> §;; = -5 osen it (ord) o

and the b-th column is
(I-1) R
\ 4_D tenSOr JE [a, b] - Ul’_l [a’ b] (AE([_Z))[G, C]I[b, d] (12)

of R with

e vectorize the first-order A
. — Apply Eq. (12) for the i-th hidden layer.
« compute the element-wise second-order 7 Forardiohe 1= ke el i
WO d ol Lo (Aaw o d]w("”) (13)
° ° - .Ap_ply Eg. (11).
 Flattened Hessian matrix Comd izttt
Suls e = GBI —tl—ogt)

* Applying Hessian-vector product [2] using e s A ofor,

Case5. i>1+1

power iteration - Compute Wv&”[cd] whose (a, b)-th entry has the
2 A ’
form sEEr oW ey = bl (AT(agﬁ °":—)) (e.d]
— Backward to (I + 1)-th layer iteratively with
R Y ( R .
FED oW [¢, d] SEHD) oW () [¢, d]

ol WD)

(15)
- Apply Eq. (14).

E [1] Kang, J. et al. RawlsGCN: Towards Rawlsian Difference Principle on Graph Convolutional Network. In WWW 2022.

[2] Alaa, A. et al. Discriminative Jackknife: Quantifying Uncertainty in Deep Learning via Higher-Order Influence Functions. In ICML 2020.




Algorithm: JuryGCN

d Goal: to estimate uncertainty Ug (1) of node wu.

1

dInitialize: € = — , a GCN with parameter 0
[Vtrainl o
1
L Key steps (for each training node): -
y steps ( : 5 ) : e Q training nodes

» Compute node-wise loss 1; g and derivative Vgr; g

 Evaluate the influence w.r.t. training node Uncertainty

» Compute LOO parameters/predictions/errors quantification

« Compute lower and upper bound

[9 Q testing nodes}

d Return: confidence interval of node u.

i
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Applications: Active Learning on Node Classification Z‘m!

O Task: query the nodes for true labels = node classifier
1 General idea: select the most informative nodes

d Ouridea: iteratively query the nodes with the largest uncertainty
Acq (Vtrain) — argmaXuEVtrainUG (u)




Applications: Semi-supervised Node Classification Z‘m!

O Existing objective: mean of loss from all training nodes

1
R = E r(i,y; 0)
|Vtrain| l

EVtraln
O Uncertainty-aware node-specific objective
_ _pT (l)) _ |[Ug (u)] normalizing over
ru ________ 'B_ ,Iulog‘(pu V. Pu = Jziev  JUpuw)|2 all training nodes
 i-th class predictive i/‘\" train
robabilit | o . N
probabili e ' ‘ ' (1) u is misclassified & pg) is small.

(2) uis well classified & p'” is large.

E [1] Lin, T. Y., Goyal, P., Girshick, R., He, K., & Dollar, P. (2017). Focal loss for dense object detection. In ICCV 2017.
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Experiment Settings

Datasets Cora Citeseer PubMed Reddit

dDatasets: 4 widely-adopted datasets #nodes 2708 3327 19717 232,95
# edges 5,429 4 732 44 338 114, 615, 892

dEvaluation metric: micro-Fi # features 1,433 3,703 500 602

QComparison methods e R - -
« Active learning-based: AGE[1], ANRMABJ[2], Coreset[3], SOPT-GCNI[4],
Centrality, Random
* Semi-supervised: S-GNNJ[5], GPN[6], GCN[7], GAT[8]
JParameters
« Active node classification (Cora, Citeseer, Pubmed and Reddit)
* Query budget: 100, 100, 50, 250, step size: 20, 20, 10, 50
« Semi-supervised node classification
* hyperparameter: T = 2, coverage: @ = 0.025

[1] Cai, H. et al. Active Learning for Graph Embedding. In arXiv 2017. [5] Zhao, X. et al. Uncertainty Aware Semi-Supervised Learning on Graph Data. In NeurIPS 2020.
E [2] Gao, L. et al. Active Discriminative Network Representation Learning. In IJCAI 2018. [6] Stadler, M. et al. Graph Posterior Network: Bayesian Predictive Uncertainty for Node Classification. In NeurIPS 2021.

[3] Sener, O. et al. Active Learning for Convolutional Neural Networks: A Core-set Approach. In arXiv 2017. [7]1 Kipf, T. et al. Semi-Supervised Classification with Graph Convolutional Networks. In ICLR 2016.
[4] Ng, Y. et al. Bayesian Semi-Supervised Learning with Graph Gaussian Processes. In NeurIPS 2018. [8] Velickovi¢, P. et al. Graph Attention Networks. In ICLR 2017.
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Experimental Results: DA

Active Learning on Node Classification
,~===s __— proposed method

Data Query sizel JUurYGCN (Ours)lfKﬁMAB AGE Coreset Centrality Degree Random SOPT-GCN

20 I 51.1+1.2 I 468+ 05 49.4+1.0 43.8+0.8 41.9+x06 385+0.7 405%x1.6 48.8 £ 0.7

40 I 64.7 £ 0.8 I 61.2+08 58.2+0.7 554+x05 573x07 484+03 56.8+1.3 62.6 £0.38

Cora 60 69.9+0.9 I 678+0.7 65.7+08 62.2+0.6 631+05 588+06 645+15 67.9+0.6
80 I 742+ 0.7 733+06 725+04 70.2+05 691+04 67.6+04 69.7+1.6 73.6 £0.5

100 I 755+ 0.6 I 749+04 742+03 738x04 74103 73.0+£02 742x1.2 75.5+0.7

20 I 384+1.5 I 359+1.0 331+09 302+12 356=+11 31.5+09 30323 36.1+0.7

40 I 51.1+0.9 I 46.7+13 495+0.6 42.1+08 498+13 398+0.7 41.1+1.38 492+ 0.5

Citeseer 60 58.2+0.8 I 55.2+09 56.1+05 521+09 57.1+07 501+1.1 498+13 56.4+0.5
80 I 63.8+1.1 63.2+£07 61508 59.9+0.6 633+10 588+06 581=x1.1 63.2+£0.38

100 I 64.3 £1.2 I 64105 63.2+0.7 628+x04 063.9+x06 61.8+05 62.9+0.38 63.8+£0.6

10 I 61.8+0.9 I 60513 589+1.1 53.1+0.7 558=x12 564+15 52417 59506

20 I 70.2+0.6 I 60.8+1.1 68.7+0.7 628+x05 067.2+x14 643+10 605x14 67.9+£0.9

Pubmed 30 73.9+0.3 I 71.6+£08 72.8+1.0 689+03 735+09 70.1+0.7 689=+1.1 72.3+£0.8
40 I 746 +£04 73.2+06 747+08 728+08 741+07 720+08 71.8+1.2 73.8+0.7

50 I 754+ 0.5 I 747+04 751+05 735+06 742+06 729+05 731+1.0 75.2+05

50 I 69.7£1.7 I 67809 642+1.1 62.1+£06 655+12 625+14 63.7x24 63.1+1.2

100 I 829+1.5 I 813+1.0 795+08 81.2+1.0 782+09 81.1+1.2 80516 80.4+1.3

Reddit 150 86.0+1.4 I 843+0.7 832+04 848+09 841+11 825+12 815+14 85.0+1.5
200 I 88.1+0.9 86.1+08 858+05 855+08 875+08 854+0.7 831+138 87.2+0.9

250 ‘ 89.2+0.38 ' 87607 87.1+04 86.6x1.1 88.7+x06 86.1+1.0 87315 87.8 1.1

Observation: JuryGCN achieves the best query performance




Experimental Results: el
Semi-supervised Node Classification

80 75 80 a0
B JuryGCN . B |uryGCN B juryGCN _ B JuryGCN AR
B S-GNN g B S-GNN B S-GNN ] B S-GNN :
== GPN - == GPN — | = GPN TS == GPN .
651 =3 &en 601 = Gen B 851 = Gen : - 751 =3 GeN ;
. = GATI\ . 1 GAT - XY GAT ' 7 3 - 3 GAT
LL (T B . (T o . . (T —
2504 ’ - 245 °50 °60 i
o o ke, O
s s s s
351 30 354 45
20: 50 100 L0 20 50 100 2008 10 20 50 307050 40 80 200
\ #labels #labels #labels #labels
A’ (a) Cora (b) Citeseer (c) Pubmed (d) Reddit

proposed method

Observation: achieving better performance when #labels is smaller
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Experimental Results: Efficiency

dMetrics: running time, memory usage

20

64

2 Our method & JuryGCN
18] —%— JuryGCN | g
| 7 S-GNN
% 16 Re-training | P
S 14 | A GPN
= | 63
X 12 X130 spee I-up E
220 : :
= I =
81 I =
.CED ‘I/ 62'
c 61 - A
o 4
2,
Oior T iez T 108 1o 0 5 10 15 20 25 30

#labels

Memory usage (x102MB)

Def

Running time vs. #training labels Micro-F1 vs. memory usage

Observation: JuryGCN can achieve the best efficiency performance.

i




Experimental Results: Parameter Study Z‘IDEﬂ!

d coverage, a; hyperparameter, t
95 90

—#=—=(COra -4 Pubmed —#=—=(COra - Pubmed
Citeseer —e— Reddit Citeseer —e— Reddit
85 e ~—, 7 e ——
._f
o o
S S | M
; 757 5 . N ; 06
= b S — =
65 54

55— ' . . 42

0.05 0.1 0.25 0.5 0 0.5 1 2 3
20 T

Observation: constantly achieving good performance.
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Conclusion D

dProblem: Jackknife Uncertainty Quantification on GCN @
dSolution: -0 @ 05,09
 Jackknife+ estimation {é@ - oé_,'\ (0.45, 0.55)
 Influence-based approach 0@ ucertain O o0
Applications: —
» Active learning on node classification B
» Semi-supervised node classification
dResults: outperforming other comparison method

20

50 20
181 == JuryGCN

« Improve node classification accuracy
» Select the most informative nodes
 Efficient computation compared to re-training

Re-training

x130 spee

D s e ——
©

Runing time (x10? s)
= [

(=] =
e
™
T
1
1
e
1
s

=
o
=
o
=
o
=
o

#labels
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